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Abstract
The key aspects of a gauge-invariant Lagrangian description of massive and mass-
less half-integer higher-spin fields in AdS spaces with a two-row Young tableaux
Y (s1, s2) are presented in an unconstrained description, as well as in off-shell formula-
tions with algebraic constraints, on the basis of BFV-BRST operators for non-linear
operator superalgebras, encoding the initial conditions realized by constraints in a
Fock space and extracting the higher-spin fields from unitary representations of the
AdS group.
Problems of a unified description of the known interactions and the variety of elemen-
tary particles are revealed at high energies (partially accessible in LHC), thus providing the
relevance of the development of higher-spin (HS) field theory due to its close relation to su-
perstring theory in constant-curvature spaces, which operates with an infinite set of bosonic
and fermionic HS fields subject to a multi-row Young tableaux (YT) Y (s1, ..., sk), k≥1 (for
a review, see [1]). This report deals with the recent results in constructing Lagrangian
formulations (LFs) for free fermionic HS fields in AdSd-spaces with Y (s1, s2) in a Fronsdal
metric-like formalism within the BFV-BRST approach [4], as a starting tool for a descrip-
tion of interacting HS fields in the framework of quantum field theory, and is partially based
on the results presented in [2, 3].
This method of constructing an LF for HS fields, originally developed as applied to a
Hamiltonian quantization of gauge theories with a given LF, consists in a solution of the
problem inverse to that of the method [4] (as in the case of string field theory [5] and
the first papers on HS fields [6]) in the sense of constructing a gauge LF w.r.t. a nilpo-
tentBFV-BRST operator Q. Q is constructed from a system Oα of 1st-class constraints,
including a special non-linear operator superalgebra {OI}:{OI} ⊃ {Oα}, defined on an
auxiliary Fock space and encoding the relations that extract the fields with a fixed (m, s)
from the AdS-group representation spaces.
A massive representation with spin s = (s1, s2), si = ni +
1
2
, n1 ≥ n2, of the AdS group
in an AdSd space is characterized by Y (s1, s2) and realized in the space of mixed-symmetry
spin-tensors
Φ(µ)n1 ,(ν)n2 ≡ Φµ1...µn1 ,ν1...νn2A(x)←→
µ1 µ2 · · · · · · · · · µn1
ν1 ν2 · · · · · · · νn2
, (1)
subject to the equations (for β = (2; 3)⇐⇒ (n1 > n2;n1 = n2), r being the inverse squared
AdSd-radius, with a suppressed Dirac index A and the matrices {γµ, γν} = 2gµν(x)),
(
[iγµ∇µ − r 12 (n1 + d2 − β)−m], γµ1 , γν1
)
Φ(µ)n1 , (ν)n2 = Φ{(µ)n1 ,ν1}ν2...νn2 = 0. (2)
1
To describe simultaneously all fermionic HS fields, one introduces a Fock spaceH = H1⊗H2
generated by 2 pairs of creation aiµ(x) and annihilation a
j+
µ (x) operators, i, j = 1, 2, µ, ν =
0, 1..., d−1: [aiµ, aj+ν ] =−gµνδij , and a set of constraints for an arbitrary string-like vector |Φ〉:
t˜′0|Φ〉 = [−iγ˜µDµ + γ˜(m+
√
r(g10 − β))]|Φ〉 = 0, (ti, t)|Φ〉 = (γ˜µaiµ, a1+µ a2µ)|Φ〉 = 0, (3)
|Φ〉 = ∑∞n1=0
∑n1
n2=0Φ(µ)n1 ,(ν)n2 (x) a
+µ1
1 . . . a
+µn1
1 a
+ν1
2 . . . a
+νn2
2 |0〉, |Φ〉 ∈ H, (4)
equivalent to Eqs. (2) for all s, and given in terms of an operator Dµ equivalent to ∇µ, in
its action on H. The fermionic operators t˜′0, ti are defined through a set of Grassmann-odd
gamma-matrix-like objects, γ˜µ, γ˜ ({γ˜µ, γ˜ν} = 2gµν , {γ˜µ, γ˜} = 0, γ˜2 = −1 [2]), related to
the conventional gamma-matrices by an odd non-degenerate transformation: γµ = γ˜µγ˜.
To derive a Hermitian BFV-BRST charge Q, whose cohomology in zero ghost number
subspace of a total Hilbert space Htot = H⊗H′⊗Hgh will coincide with space of solutions
for Eqs. (2), we need to deduce a set of 1st-class quantities, OI : {Oα} ⊂ {OI}, closed
under the Hermitian conjugation w.r.t. an odd scalar product 〈Ψ˜|Φ〉 [3], with the measure
ddx
√−detg and supercommutator multiplication [ , }. As a result, the massive half-integer
HS symmetry superalgebra in AdSd spaces with Y (s1, s2): A(Y (2),AdSd)={oI}={t˜′0, ti, t+i , t,
t+, li, l
+
i , lij , l
+
ij , g
i
0, l˜
′
0},
(ti+; gi0; t
+; li, l+i; lij) = (γ˜
µai+µ ;−ai+µ aµi + d2 ; aµ1a2+µ ;−i(aµi, a+µi)Dµ; 12aµi aµj), i ≤ j (5)
l˜′0 = g
µν(DνDµ − ΓσµνDσ)− r
(∑
i
(gi0 + t
i+ti) + d(d−5)
4
)
+
(
m+
√
r(g10 − β)
)2
, (6)
contains a central charge m˜ = (m−β√r), a subset of (4+12) differential {li, l+i } ⊂ {oa} and
algebraic {ti, t+i , t, t+, lij , l+ij} ⊂ {oa} 2nd-class constraints, and particle-number operators,
gi0, composing, together with m˜, an invertible supermatrix ‖[oa, ob}‖ = ‖∆ab(gi0, m˜)‖ +
‖O(oI)‖.
Among the 2 variants of an additive conversion for non-linear superalgebras [7] of {oI}
into a 1st-class system {Oα}, 1) {oa} results in an unconstrained LF; 2) the differential
constraints and a part of the algebraic ones, li, l
+
i , t, t
+, restrict A(Y (2), AdSd) to the surface
{or
a
} ≡ {oa} \ {li, l+i , t, t+} on every stage of the construction, resulting in an LF with off-
shell traceless and γ-traceless conditions, we consider in detail the first case. To find the
additional parts o′I : oI → OI = oI + o′I , [oI , o′I} = 0 such that [OI , OJ} ∼ OK , we need:
a) following [2, 7], to pass to another basis of constraints, oI → o˜I = uJI oJ , sdet‖uJI ‖ 6= 0
(γ˜ /∈ {o˜I}), such that only t˜′0, l˜′0 are changed, t0 = −iγ˜µDµ, l0 = −t20, having obtained
a modified HS symmetry superalgebra, Amod(Y (2), AdSd), b) to construct its auxiliary
representation, the Verma module, by using a Cartan-like decomposition, extended from
the one for the Lie superalgebra {o′I} \ {l′i, l′+i , t′0, l′0},
Amod(Y (2), AdSd) = {{t′+i , l′ij+, t′+; l′i+}⊕ {g′i0 ; t′0, l′0}⊕ {t′i, l′ij, t′; l′i} ≡ E−⊕H ⊕E+, (7)
c) to realize the Verma module as a formal power series
∑
n≥0
√
r
nPn[(a, a+)a] in a Fock space
H′ generated by the same number of creation and annihilation operators as that for the
converted 2nd-class constraints {o′I(l′i, l′+i , t′, t′+)} : (a, a+)(r)a ←→ fi, f+i bij , b+ij, bi, b+i , b, b+,
(bi, b
+
i , b, b
+) (for a constrained) LF.
A solution of item a) follows from the above requirement on O˜I to be in involution and
from a compactly written multiplication table [2, 7] for {o˜i} in Amod(Y (2), AdSd),
[ o′I , o
′
J} = fKIJo′K − (−1)ε(oK)ε(oM )fKMIJ o′Mo′K if [o˜I , o˜J} = fKIJ o˜K + fKMIJ o˜K o˜M , (8)
2
with structure constants fKIJ , f
KM
IJ = −(−1)ε(oI )ε(oJ )(fKJI , fKMJI ) and the Grassmann parity
ε(oI) = 0, 1, respectively, for bosonic and fermionic oI . In its turn, the solution of items b),
c) is more involved than the one presented for A′(Y (1), AdSd) [2, 7] and A′(Y (2),R1,d−1) [3],
due to a nontrivial entanglement of a triple (l′+1 t
′+l′+2 ), being effectively solved iteratively,
thus extending the known results on the Verma module construction [8] and its Fock-space
realization in H′. Note that, within the conversion, we have M˜ = m˜ + m˜′ = 0, whereas
new constants m0, h
i [they are to be determined later from the condition of reproducing the
correct form of Eqs.(3)] and operators o′I are found explicitly in terms of (a, a
+)a [(a, a
+)r
a
for constrained LF], as in [2, 8].
A nilpotent BFV-BRST charge Q′ for an open superalgebraAconv(Y (2),AdSd) of O˜I in
the case of Weyl ordering for the quadratic combinations of O˜I in the r.h.s. of [O˜I , O˜J}
= FKIJ(O˜, o
′)O˜K and for the (CP)-ordering of the ghost coordinates and momenta CI ,
PI : bosonic (q0, p0), (qi, p+i ), (q+i , pi) and fermionic (η0,P0), (η+i ,Pi), (ηi,P+i ), (η+ij ,P ij),
(ηij ,P+ij), (η,P+), (η+,P), (ηiG,P iG), with the standard ghost number distribution gh(CI)
= −gh(PI) = 1, providing gh(Q′) = 1 corresponds, at least, to a formal second-rank topo-
logical gauge theory,
Q′ = OICI + 12CI1CI2F JI2I1PJ (−1)ε(OI2+ε(OJ ) + 16CI1CI2CI3F J2J1I3I2I1PJ2PJ1 +O(C4), (9)
with completely determined functions F J2J1I3I2I1(O˜, o
′) resolving the Jacobi identity for O˜I .
Note that Q′ is more involved than that of [2] for Aconv(Y (1),AdSd) and coincides with that
of [3] for r = 0 (Aconv(Y (2),R1,d−1)).
A covariant extraction of Gi0 = g
i
0 + g
′i
0 (h
i) from {O˜I}, that serves to pass to the BFV-
BRST charge Q for the 1st-class constraints {Oα} only, is based on the condition of the
independence of Htot of ηiG, and on the elimination from Q′ of the terms proportional to
P iG, ηiG : Ki = (σi + hi), as in [3]:
Q′ =Q+ ηiGKi+BiP iG; Ki =Gi0+(q+i pi+ η+i P i+
∑
j(1 + δij)η
+
ijP ij + (−1)iη+P + h.c.);(10)
the same applies to the physical vector |χ〉 ∈ Htot, |χ〉 = |Φ〉+ |ΦA〉, |ΦA〉{(a,a+)a=C=P=0} =
0, with the use of the BFV-BRST equation Q′|χ〉 = 0 that determines the physical states:
Q|χ〉 = 0, (σi + hi)|χ〉 = 0, (ε, gh)(|χ〉) = (1, 0), (11)
where the two final equations determine the spectrum of generalized spin values for |χ〉.
The presence of a redundant gauge ambiguity in the definition of an LF allows one [2, 3]
to expand Q and |χ〉 in the powers of the zero-mode pairs q0, p0, η0,P0 as follows:
(Q; |χ〉) =
(
q0T˜0+η0L˜0+(η
+
i qi−ηiq+i )p0+(q20−η+i ηi)P0+∆Q;
∑∞
k=0 q
k
0(|χk0〉+η0|χk1〉)
)
.(12)
As a result, the 1st equation in (11) is Lagrangian and takes the form (together with the
action)
∆Q|χ00〉+ 12{T˜0, η+i ηi}|χ10〉 = 0, T˜0|χ00〉+∆Q|χ10〉 = 0, (13)
S = 〈χ˜00|KT˜0|χ00〉+ 12 〈χ˜10|K{T˜0, η+1 η1}|χ10〉+ 〈χ˜00|K∆Q|χ10〉+ 〈χ˜10|K∆Q|χ00〉, (14)
where we have used the operator K = 1ˆ
⊗
K ′
⊗
1ˆgh, providing the Hermiticity of Q w.r.t.
〈 | 〉 in Htot and the reality of S. The corresponding LF of an HS field with a given value of
3
spin s = (n1+
1
2
, n2+
1
2
) is a reducible gauge theory of L = (n1+n2)-th stage of reducibility,
while the above LF with constraints has a reduced field spectrum, with L ≤ 3 for any spin.
Acknowledgements: The author thanks the organizers of the SPMTP’08 Conference
(JINR, Dubna, Russia) for support and hospitality. The work was supported by the RFBR
grant, project No. 08-02-08602.
References
[1] M. Vasiliev, Fortsch.Phys. 52 (2004) 702, [arXiv:hep-th/0401177]; D.P. Sorokin,
Introduction to the Classical Theory of Higher Spins, [arXiv:hep-th/0405069];
N. Bouatta, G. Compe`re, A. Sagnotti, An Introduction to Free Higher-Spin Fields,
[arXiv:hep-th/0409068]; X. Bekaert, S. Cnockaert, C. Iazeolla, M.A. Vasiliev, Nonlin-
ear higher spin theories in various dimensions, [arXiv:hep-th/0503128]; A. Fotopoulos,
M. Tsulaia, Gauge Invariant Lagrangians for Free and Interacting Higher Spin Fields.
A Review of the BRST formulation, [arXiv:0805.1346[hep-th]].
[2] I.L. Buchbinder, V.A. Krykhtin, A.A. Reshetnyak, Nucl. Phys. B787 (2007) 211
[arXiv:hep-th/0703049].
[3] P.Yu. Moshin, A.A. Reshetnyak, JHEP, 10 (2007) 040 [arXiv:0707.0386[hep-th]].
[4] E.S. Fradkin, G.A. Vilkovisky, Phys. Lett. B55 (1975) 224; I.A. Batalin, G.A. Vilko-
visky, Phys. Lett. B69 (1977) 309; I.A. Batalin, E.S. Fradkin, Phys. Lett. B128 (1983)
303; M. Henneaux, Phys. Rept. 126 (1985) 1.
[5] E. Witten, Nucl.Phys B268 (1986) 253; W. Siegel, B. Zwiebach, Nucl. Phys. B282
(1987) 125;
[6] C.S. Aulakh, I.G. Koh, S. Ouvry, Phys. Lett. B173 (1986) 284; S. Ouvry, J. Stern,
Phys. Lett. B177 (1986) 335.
[7] A.A. Reshetnyak, On Lagrangian Formulation for Half-integer HS Fields within Hamil-
tonian BRST Approach, Proc. of Int. Workshop “Supersymmetries and Quantum
Symmetries” (SQS07), Dubna, Russia, July 29 - August 3, 2007, Dubna 2008 p.243
[arXiv:0711.4489].
[8] C. Burdik, J. Phys. A: Math. Gen. 18 (1985) 3101; C. Burdik, O. Navratil, A. Pashnev,
On the Fock Space Realizations of Nonlinear Algebras Describing the High Spin Fields
in AdS Spaces, [hep-th/0206027].
4
